A molecular theory of the homogeneous nucleation rate. II. Application to argon vapor J. Chem. Phys. 110, 6438 (1999); 10.1063/1.478546 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation. The claim that classical nucleation theory (CNT) correctly predicts the dependence on supersaturation of the steady-state rate of homogeneous nucleation is reexamined in light of recent experimental studies of nucleation of a range of substances, including water, argon, nitrogen, and several 1-alcohols. Based on these studies (which include, for water, a compilation of nine different studies), it is concluded that the dependence of nucleation rate on supersaturation is not correctly predicted by CNT. It is shown that CNT's incorrect prediction of the supersaturation dependence of nucleation rate is due to its incorrect prediction of the Gibbs free energy change associated with formation of small clusters from the monomer vapor, evaluated at the substance's equilibrium vapor pressure, even though that free energy change is itself a function only of temperature. © 2014 AIP Publishing LLC.
I. INTRODUCTION
It is well known that experimentally measured rates of homogeneous nucleation of condensed-phase particles from a supersaturated vapor can differ substantially from the rates predicted by classical nucleation theory (CNT), and that typically the measured dependence of nucleation rate J on temperature T, at given saturation ratio S, is poorly predicted by CNT. However, it is commonly asserted that CNT does at least correctly predict the dependence of J on S at given temperature.
For example, Oxtoby, reviewing measurements prior to 1992 of homogeneous nucleation rates of several different substances, stated that "The consensus of this work is that the variation of nucleation rate with supersaturation is well predicted by classical theory. . . ." 1 More recently, based on an analysis of their extensive experiments on water nucleation, Wölk et al. 2, 3 proposed an empirical correction factor to the water nucleation rate predicted by CNT, which, they stated, produced good agreement between their measured nucleation rates and CNT. This correction factor is a function only of temperature, consistent with their observation that the dependence of J on S is well predicted by CNT.
The purpose of this paper is to reexamine this claim. We consider results of several recent studies, in which homogeneous nucleation rates were measured for a variety of substances over wide ranges of temperature and saturation ratio, and where corresponding values of the number of monomers in the critical cluster, n * , were inferred by means of the First Nucleation Theorem, which relates n * to the slope of lnJ versus lnS. Inspecting comparisons of these results to the values of n * predicted by CNT, we conclude that CNT does not, in general, correctly predict the dependence of nucleation rate on saturation ratio. We then show that this incorrect prediction of J versus S arises from CNT's incorrect prediction of the free energy change G n associated with formation of small clusters containing n monomers, evaluated at the substance's equilibrium vapor pressure, p s (T), i.e., at S = 1. While the values of G n (T)| S = 1 depend only on temperature, they affect the value of n * for any given value of S > 1, and thus, consistent with the Nucleation Theorem, CNT's incorrect prediction of G n (T)| S = 1 causes it to incorrectly predict the dependence of nucleation rate on saturation ratio.
Additionally, we address the observation that the error in CNT's prediction of critical size is in many cases larger for large values of critical size than for smaller ones. We show that this is due to the fact that, as cluster size increases, errors in predicting the stepwise free energy change for monomer addition are cumulative, even though this term itself must eventually approach the bulk behavior given by CNT.
II. EXPERIMENTAL DETERMINATIONS OF CRITICAL SIZE, AND COMPARISONS TO CLASSICAL THEORY
According to the First Nucleation Theorem, 4, 5 ∂lnJ ∂lnS T = n * + 1.
Here n * is by definition the value of n for which G n has its maximum value at given temperature and saturation ratio. Thus, by making measurements of nucleation rates for a range of saturation ratios at constant nucleation temperature, one can infer the value of n * by taking the slope of ln versus lnS.
Recently several studies have conducted this exercise for a wide range of substances, and have presented results comparing experimental values of n * to the values predicted by CNT. These include a compilation and analysis 6 of results from nine different experimental studies of water nucleation, 2, 6-13 studies using cryogenic supersonic nozzles to measure nucleation rates of argon 14 and nitrogen, 15 and measurements of nucleation rates of the 1-alcohols ethanol, propanol, butanol, and pentanol using a two-valve nucleation pulse chamber. to our knowledge, it is not known whether this trend applies only to the specific substances studied, or is more general. In any case, the salient point here is that CNT poorly predicts n * , for many substances and many conditions.
None of the experimental studies on which Figs. 1-4 are based measured n * directly. Instead, they all measured nucleation rates for a range of saturation ratios along an isotherm, and inferred the value of n * using the First Nucleation Theorem. Thus n * exp here is simply a surrogate for J(S) that is measured. On the other hand, n * CNT in the figures is indeed the critical size predicted by CNT (in both the standard and self-consistent versions 17 ),
where is a dimensionless surface tension defined by
Here σ is the surface tension of the bulk liquid of the same substance in equilibrium with its vapor, s 1 is the surface area of a monomer, assumed to be a sphere with the same mass density as the bulk liquid, and k B is the Boltzmann constant. Equation (2) is known as the Gibbs-Thomson equation. From Eq. (1),
so if n * is poorly predicted it follows that the exponent in the power-law dependence of J on S is poorly predicted. Curiously, none of the authors of the studies that produced Figs. 1-4 comment that the poor agreement between n * exp and n * CNT found in their work implies that CNT does a poor job of predicting the supersaturation dependence of nucleation rate. Indeed Manka et al. 6 conclude that "the slope of the measured nucleation rate versus supersaturation curve can be predicted properly [by CNT]," even though the discrepancy between n * exp and n * CNT seen in Fig. 1 , from their work, implies exactly the opposite. One may conjecture that the erroneous conclusion that the supersaturation dependence of nucleation rate is well-predicted by CNT lies in the way that measurements of nucleation rate are typically presented, as data points along an isotherm for a narrow range of saturation ratio. As can be noticed in Figs. 1-4 , the vast majority of such experiments have been done under conditions for which n * is greater than about 20, meaning that the slope of lnJ versus lnS is quite steep, and it may be difficult to discern differences in two slopes, both of which are quite steep, even though the values of these slopes may be quantitatively quite different.
Al'tman et al., 18 considering only the measurements of water nucleation by Wölk and Strey, 2 reached a similar conclusion, that the dependence of J on S is poorly predicted by CNT regardless of whether the standard or self-consistent version is used, even though the experimental data in Ref. 2 are in relatively good agreement with CNT, compared to several other studies shown in Fig. 1 .
III. WHY DOES CNT POORLY PREDICT THE DEPENDENCE OF NUCLEATION RATE ON SUPERSATURATION?
To answer the question of why CNT does a poor a job of predicting the dependence of nucleation rate on supersaturation, we first briefly review key features of homogeneous nucleation theory.
Assuming that homogeneous nucleation occurs via a sequence of reversible condensation/evaporation reactions of the form
where A n represents a cluster containing n monomers of substance A (an "n-mer"), and A 1 is a vapor-phase monomer, then the steady-state nucleation rate J can be written 1, 19, 20 
where N 1 is the number density of monomer vapor, M is an arbitrary size that is large enough to considerably exceed the size for which the summand has its maximum value, k n is the forward rate constant for the reaction in Eq. (5), and G n is the Gibbs free energy change for the overall reaction to form an n-mer from the monomer vapor,
Thus, by definition,
In general, Gibbs free energy is a function of both temperature and pressure. Assuming that monomers and clusters behave as constituents of an ideal gas, the Gibbs free energy of a substance at any pressure p b is related to that at any other pressure p a by
Noting that saturation ratio is defined by
where p 1 is the actual partial pressure of the monomer vapor, it then follows, with reference to Eq. (8) , that
Clearly, the second term on the right-hand side of this equation is purely a consequence of thermodynamics, via Eq. (9), and more specifically it is a consequence of the effect of pressure on the entropy of an ideal gas, since enthalpy is a function only of temperature. (The standard version of CNT neglects to substract 1 from n in Eq. (11). This omission is not nearly large enough to explain the discrepancies observed in Figs. 1-4 .) Substituting Eq. (11) into Eq. (6) gives
This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation. To this point no assumption has been made regarding the form of G n (p s ). But clearly, since p s = p s (T), G n (p s ) is a function only of temperature. Thus the dependence of J on S that appears in each term of the summation, via the S n − 1 term, is purely a consequence of thermodynamics, independent of the form of G n (p s ), whether from classical theory or otherwise. A dependence of J on S also arises due to the N 2 1 prefactor, since N 1 = Sn s , where n s is the monomer number density at temperature T and pressure p s , but that term arises from the fact that Eq. (5) is defined as a two-body reaction in the forward direction (or, if a third body is involved, its number density is folded into the forward rate constant), and again has nothing to do with the form of G n (p s ).
Since the origin of dependence on S for every term in the summation in Eq. (12), and in the prefactor, arises from straightforward thermodynamics and kinetics, independent of the model assumed for G n (p s ), it might seem, superficially at least, that CNT, and any other model for G n (p s ), must correctly predict the dependence of nucleation rate on supersaturation. But that conclusion would be incorrect, because, even though the S-dependence of each individual term in the summand in Eq. (12) is unaffected by the form of G n (p s ), the supersaturation dependence of the sum is. That is because the sum is typically dominated by terms close to the critical size, and the value of the critical size, for any given value of S, does indeed depend on the form of G n (p s ). For example, consider the limit where the summation is strongly dominated by the single largest term, for which n = n * . In this "one-term approximation," Eq. (12) reduces to
This expression emphasizes that the S-dependence of nucleation is directly tied to the value of n * , and that all of the discrepancy between the measured and the predicted supersaturation dependence of nucleation rate arises from errors in G n (p s ) that cause n * to be incorrectly predicted, even though that term itself depends only on temperature. It can easily be seen that Eq. (13) is consistent with the First Nucleation Theorem, Eq. (4).
Here it should be noted that it is widely accepted that CNT's incorrect prediction of both the magnitude and the temperature-dependence of nucleation rates is due to errors in its model for the free energies of formation of small clusters from the monomer vapor, 21 but to our knowledge it has not previously been recognized that these errors also cause the supersaturation-dependence of nucleation rate to be incorrectly predicted.
IV. EXAMPLES
To demonstrate the above argument, we consider two very different substances, water and aluminum, for which recent high-level quantum chemistry calculations are available of the free energies of cluster formation from the vapor. We compare these values to the predictions of CNT, and show that the difference between the different models for G n (p s )-either atomistic or classical-leads to differences in critical size for various values of S, and hence to differences in the dependence of J on S. Our purpose here is not to argue that the computational chemistry calculations are "correct" -though in principle they should be considerably more accurate than the capillarity approximation of CNT-but simply to show that the form of G n (p s ) can strongly affect the supersaturation dependence of nucleation rate.
The essence of CNT is the capillarity model, in which the stepwise free energy change, i.e., the change in free energy associated with Eq. (5), evaluated at pressure p s , is given by the increase in the cluster's surface energy due to increasing the surface area by addition of one monomer:
s n being the surface area of an n-mer. Fig. 5 shows values of G n − 1, n (p s ) for water clusters, (H 2 O) n , at 250 K, calculated using Eq. (14), compared to results based on Temelso et al., 22 who used a mixed molecular dynamics/high-level ab initio method to calculate G n − 1, n for water clusters up to (H 2 O) 10 . Fig. 6 shows a similar comparison for aluminum clusters, Al n , at 2000 K, in this case comparing CNT to high-level quantum chemistry calculations of Li et al., 23 performed up to size Al 60 . Temelso et al. 22 and Li et al. 23 both present their results at standard pressure p 0 , in their case 1 atm. To construct Figs. 5 and 6 their data were converted to p s (T) by means of Eq. (9). As can be seen, for both substances the trend of stepwise free energy change versus n from the computational chemistry calculations is highly irregular and non-monotonic, unlike the smooth, monotonic trend assumed by CNT. This difference arises from the fact that computational chemistry treats clusters as structured molecular entities, unlike the structureless sphere model of CNT.
The free energy of n-mer formation from the monomer vapor, G n , can be expressed as the sum of all of the stepwise free energy changes leading up to size n, Using this, Fig. 7 shows values of G n (p s ) for water at 250 K, and Fig. 8 shows the corresponding results for aluminum at 2000 K, in each case comparing the atomistic calculations to CNT. Here the self-consistent version of CNT is used, 17 as, unlike the standard version, it correctly sets G 1 , the free energy change for forming a monomer from itself, to zero, and hence can be properly compared to the atomistic data. Comparing Eqs. (14) and (15), and noting that the surface area of a spherical droplet scales as n 2/3 , this can be written
Inspecting these figures, one notes that for both substances the agreement between CNT and the atomistic data is much closer for small clusters than for larger ones. While this might seem surprising, it is not remarkable, since, from Eq. (15) calculating G n . This does not imply that the absolute error in G n must necessarily increase as n increases, as errors in G n − 1, n could tend to offset each other as n increased, but it does imply that it is quite possible for the errors in G n to increase as n increases, as is indeed the case in Figs. 7 and 8. Thus, contrary to what is commonly believed, one should not expect the capillarity model to be more accurate in predicting G n for very large clusters than for very small ones. Rather, one should expect the capillarity model to become accurate in the limit of very large cluster size (i.e., bulk) in terms of the stepwise free energy change, G n − 1, n (p s ), which for a liquid droplet is the work against surface tension required to stretch its surface by addition of one monomer, given by Eq. (14) . Clearly, however, this approach to bulk behavior is not yet observed at the maximum sizes shown in Figs. 5 and 6, which represent the maximum sizes for water and aluminum, respectively, for which atomistic calculations are available in Refs. 22 and 23, respectively.
Based on the values of G n (p s ) in Figs. 7 and 8 , one can calculate G n at arbitrary saturation ratio by means of Eq. (11) . These results are shown in Figs. 9 and 10 for water and aluminum, respectively, in each case for two selected saturation ratios. In both cases the differences seen between the atomistic calculations and CNT are dramatic, and this also strongly affects the values of critical size, which are the values of n that yield the global maxima in the curves in Figs. 9 and 10.
For water (Fig. 9) at S = 30, CNT predicts n * ≈ 9.2 (treating n * as a continuous variable). As the calculations for (H 2 O) n of Temelso et al. 22 extend only to n = 10, all one can say for the case S = 30 is that the critical size based on their calculations equals at least 10 and is quite possibly larger. At a saturation ratio of 100, CNT predicts n * ≈ 3.7, whereas the maximum in G n based on the atomistic calculations is seen to occur at n = 7. Again, the critical size could be greater than 10, but even if it equals 7, that implies a strong difference compared to CNT in the dependence of nucleation rate J. Chem. Phys. For aluminum (Fig. 10) , the value of n * predicted by CNT equals 12.6 at a saturation ratio of 20, while, in strong contrast, n * = 55 (or possibly larger than 60) based on the calculations of Li et al. 23 Because the peak in G n at n = 55 based on the Li et al. data is so strong, n * = 55 over a wide range of saturation ratio, in contrast to the smoothly varying value of n * (S) predicted by CNT, Eq. (2). However, at sufficiently high supersaturation the peak at n = 55 falls below the global maximum. Thus at S = 40, CNT predicts n * = 6.8, while the atomistic data give a value of 4. As shown in Ref. 24 Based on these results and comparisons, one can conclude that the value of critical size is strongly dependent on the model for G n (p s ). In turn, this implies that the model for G n (p s ) strongly affects the dependence of nucleation rate on saturation ratio. Seen in this light, it is not remarkable that CNT poorly predicts J(S).
Additionally, since the absolute errors in G n (p s ) may increase as n increases, due to cumulative errors in the stepwise free energy change G n − 1, n (p s ), it follows that the same behavior can be expected for G n for arbitrary values of saturation ratio. As these cumulative errors can affect the location of the maximum in G n , in many cases CNT's prediction of n * is likely to be better under conditions where n * is small than under those where it is larger.
V. SUMMARY AND CONCLUSIONS
In this work we have shown that, contrary to what is commonly claimed, experimentally measured rates of homogeneous nucleation show a dependence on supersaturation that deviates significantly from the prediction of classical nucleation theory. This deviation arises from CNT's incorrect prediction of the Gibbs free energy change, G n (p s ), evaluated at equilibrium vapor pressure p s , associated with forming an n-mer cluster from the monomer vapor. Even though G n (p s ) depends only on temperature, its values determine the critical size at arbitrary saturation ratio, which in turn causes it to affect the supersaturation dependence of nucleation rate.
Examples are discussed for two substances, water and aluminum, where G n predicted by CNT is compared to values obtained from high-level quantum chemistry calculations available in the literature. It is shown that the atomistic calculations produce quite different results for critical size than does CNT, and hence different dependencies of nucleation rate on supersaturation. While these examples demonstrate that the supersaturation dependence of nucleation rate depends quite generally on the model for G n (p s ), more specifically they illustrate that models that treat clusters as structured molecular entities are likely to produce quite different critical sizes, and hence different J(S) relationships, than does CNT.
Our conclusion, that the supersaturation-dependence of nucleation rate is poorly predicted by CNT, suggests that future experimental studies should pay more attention to this aspect, rather than repeating the flawed conventional wisdom that CNT correctly predicts the J(S) relationship. For example, graphical presentations of measured nucleation rates versus saturation ratio, along an isotherm, could expand the abscissa to more clearly reveal the discrepancy between J(S) that is measured and that predicted by CNT. Such experimental studies could in turn provide guidance for improved models of G n (p s ) for various substances.
